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Numerical study of rainbows and glories
in water-drop clouds
S. M. PRIGARIN∗, K. B. BAZAROV†, M. KERSCHER‡,
and U. G. OPPEL‡
Abstract — In this paper we study scattering phase functions in water-drop clouds fr var-
ious distributions of droplet size and various conditions of glory, rainbowand corona for-
mation, and discuss the hypothesis proposed by A. N. Nevzorov that a considerable amount
of water in cold clouds can exist in a specific phase state with the refractiveindex≈ 1.8
(so called A-water). Polarization and angular distributions are studied by the Monte Carlo
method for radiation reflected by cloud layers with drops of water or hypothetical A-water
taking into account multiple scattering. Computational results make it possibleto d velop
procedures for analysis of microphysical structure of clouds and cofirmation or disproof of
the existence of A-water.
Such phenomena as rainbows, glories, or coronas appear due to peculiarities
of light scattering on water droplets. The dependence of the distribution
density of the intensity of scattered radiation on the angle between incident
and scattered photons is called a scattering phase function. The scattering
phase function of water-drop clouds is determined by the wavelength and
size distribution of droplets. If all cloud drops were of the same size, then
the whole cloudy sky would be filled with colored rings of various intensity,
i.e., figuratively speaking, we would see a variety of rainbows, glories, and
coronas (see Fig. 1).
In reality, the sizes of drops in clouds vary, and the corresponding phase
functions are essentially smoothed. However, scattering phase functionsfor
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Figure 1. Scattering phase functions with wavelength 0.53µm for a monodisperse medium
containing drops of water (left) and A-water (right) with the radius 1µm (upper row), 10µm
(middle row) and 100µm (lower row).
actual water-drop aerosols can also contain oscillations observed ascoronas,
rainbows, and glories (see the examples of phase functions presented be-
low). Recall that coronas can be observed around the light sources (the Sun,
the Moon, earth sources) when the light is transmitted through semitrans-
parent clouds and fog. In contrast to a halo caused by light scattering on ice
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crystals and having a large angular radius, coronas are explained by diffrac-
tion scattering on water droplets, and their angular radius does not usually
exceed 5◦. A glory is actually a small rainbow with the angular radius up
to 20◦, which can be observed in the mountains or in flying above clouds.
However, in contrast to a rainbow, whose approximate description can be
given within geometrical optics, the calculation of a glory requires the more
accurate apparatus of the Mie theory.
A. N. Nevzorov [20–27] put forward a conjecture that in cold clouds a
considerable part of water is in a particular amorphous state with the refrac-
tive index≈ 1.8 and density≈ 2.1 g/cm3 (A-water). Moreover, according
to Nevzorov’s opinion, such optical phenomenon as a glory can appearonly
in clouds containing A-water. Nevzorov’s hypothesis on the existence ofA-
water in clouds and on the nature of glories has not got wide approval sof r
and was subjected to criticism by some specialists (see [16, 34]). In partic-
ular, it was indicated in [16] that the presence of A-water in clouds is not
needed for appearance of glories (see also [13,14,17]).
Unfortunately, Nevzorov does not offer any information concerning the
size distributions of droplets used in his calculations, which makes inter-
pretation of his results difficult. In this paper we present some calculation
results for scattering phase functions under different distributions of water
and A-water drop sizes, study the peculiarities of polarization of scattered
radiation, the conditions causing rainbows, glories, and coronas in clouds
with water and A-water, and also the influence of multiple scattering. In
particular, here we present some results supplementing our previous stud-
ies [31].
In our calculations we have used the software developed at the Ludwig–
Maximilian University of Munich (LMU) and the Institute of Computational
Mathematics and Mathematical Geophysics, Siberian Branch of the RAS,
Novosibirsk (ICMMG SB RAS). The computational procedures related to
the Mie theory are based on the code developed by W. Wiscombe [39]. The
first versions of the software were developed at the LMU, and later this
software was modified at the ICMMG SB RAS for more accurate calcula-
tions and operations with arbitrary size distributions of scattering spheres.
The radiation transfer subject to multiple scattering was simulated using the
software developed at the ICMMG SB RAS.
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1. Comparison of scattering phase functions for water-drop
media containing water or A-water
In this section we compare particular features of scattering phase functions
for water-drop media containing water or hypothetical A-water. We have
performed calculations for a series of Gaussian distributions and for some
commonly accepted models of clouds and fogs.
1.1. Scattering phase functions for normal distributions of dropssizes
As a first example, we consider scattering phase functions in a water-drop
aerosol for water and A-water with a normal distribution of the drop radii
with the mean valuem= 20µm and the standard deviationσ = 4µm (see
Fig. 2). The refractive indices of water for the calculations with different
wavelengths were taken from [35]. For hypothetical A-water, the depen-
dence of the refractive index on the wavelength is not known, therefore,
in our calculations we used the value 1.82 (regardless of the wavelength)
proposed in Nevzorov’s papers.
The main differences in scattering between the drops of water and A-
water are the following.
(1) The intensity of scattering in the backward direction is greater by a
few orders in the case of A-water. Scattering by water drops is more inten-
sive (compared to A-water) near the primary rainbow (the scattering angle
is about 140◦) and in the forward direction up to 40◦.
(2) The scattering phase function for drops of A-water contains local
maxima only in the neighbourhood of the glory (about 180◦). Looking
ahead, note that a rainbow practically never appears under scattering on
drops of A-water. An exception may be found in distributions with the drop
size less than a micron. Below we consider the rainbow effects appearing in
this case.
As was shown by the computations, all scattering phase functions for
drops of water with a Gaussian distribution for the mean radius greater than
5µm have typical maxima corresponding to the primary (the scattering an-
gle about 140◦) and secondary (the scattering angle about 125◦) rainbows
(see Table 3 in [31]). In this case, the effect of a supernumerary rainbow
is observed for more narrow distributions and larger drops. The minimum
between the primary and secondary rainbows corresponding to Alexandr’s
dark band is observed more clearly for large drops (see Fig. 3). These fig-
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Figure 2. Scattering phase functions of light with wavelength 0.7µm for aerosol containing
drops of water (solid line) and A-water (dotted line) with normal distribution of dr ps radii
with the mean valuem= 20µm and standard deviationσ = 4µm. The local maxima corre-




Figure 3. Scattering phase functions with wavelength 0.7µm (solid line) and 0.42µm (dot-
ted line) in the rainbow domain for Gaussian distributions of water drops radii with the
parametersm= 20µm, σ = 4µm (a),m= 20µm, σ = 1µm (b),m= 80µm, σ = 4µm (c). It
is seen that a supernumerary rainbow appears for more narrow distributions and larger drops.
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ures demonstrate a different pattern of color alternation in the primary and
secondary rainbows (the wavelength of 0.7µm corresponds to the red color,
0.42 corresponds to the violet color).
Scattering phase functions in the domain of the glory are essentially dif-
ferent for the cases of water and A-water drops (see Figs. 4 and 5).For
example, for the normal distribution of water drop radii with the parame-
ters m = 20µm andσ = 4µm a glory is formed with the angular radius
approximately 1◦ and the same color alternations as in the primary rain-
bow (see Fig. 4a). Additional wider rainbow rings appear for more narrow
distributions, however, the colors of those rings alternate not in the same
manner as in the brightest inner ring (see Figs. 4b, d, f). If the mean ra-
dius of the drops is halved, the angular radius of the main inner ring of the
glory increases approximately twice [31]. The same regularity is observed
for glories on drops of A-water. However, in comparison with ordinary wa-
ter, glories in A-water have a distinctly greater angular radius for the same
distributions of drop sizes. For moderate radii of aerosol drops equalto 5,
10, 20µm the multiplicity of glories for A-water is generally less than for
water. (The multiplicity of glories means the number of the local minima
of the phase function near 180◦.) If the mean radius of drops is greater, the
multiplicity of glories for A-water is greater than for water. In addition, one
can observe the following phenomenon: for sufficiently wide distributions,
the inner rings become smoother and disappear, and only one pronounced
outward ring is left (see Fig. 5e). This phenomenon is not observed forscat-
tering on water drops. In total, the brightness of a glory for A-water drops is
greater by an order of magnitude than for water drops.
For coronas we can indicate the following regularities (see Fig. 6): (1)
if the mean size of drops decreases (with a constant ratio of the mean and
standard deviation), the angular radius of the coronas increases; (2)if the
variance of distribution decreases, the color contrast and the angular radius
increase (due to the appearance of additional colored rings). In this case the
forms of scattering phase functions for water and A-water drops practically
coincide for the same distributions (see Fig. 6d).
In theory, interesting optical phenomena may appear in water-drop aero-
sols with drop sizes less that 2µm (see Fig. 7). In particular, some phenom-
ena similar to rainbows of the third and fourth orders are quite probable (see
information related to rainbows of the third an fourth orders in [8,38]).
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Figure 4. Scattering phase functions with the wavelength 0.7µm (solid line), 0.53µm
(dashed line), and 0.42µm (dotted line) in the glory domain for Gaussian distributions of
water drops radii with the parametersm= 20µm, σ = 4µm (a),m= 20µm, σ = 2µm (b),
m= 10µm, σ = 2µm (c), m= 10µm, σ = 1µm (d), m= 5µm, σ = 1µm (e),m= 5µm,
σ = 0.5µm (f).
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Figure 5. Scattering phase functions with the wavelength 0.53µm in the glory domain for
Gaussian distributions of A-water drops radii with the parametersm= 10µm, σ = 2µm (a),
m= 10µm, σ = 1µm (b),m= 20µm, σ = 4µm (c),m= 20µm, σ = 1µm (d),m= 40µm,
σ = 16µm (e),m= 40µm, σ = 2µm (f).
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(a) (b)
(c) (d)
Figure 6. Scattering phase functions with wavelength 0.7µm (solid line), 0.53µm (dashed
line), and 0.42µm (dotted line) in the corona domain for Gaussian distributions of water
drops radii with the parametersm= 20µm, σ = 2µm (a),m= 10µm, σ = 1µm (b), m=
20µm, σ = 1µm (c) and (d). Figure (d) presents the phase function for water drops(upper
line) together with the corresponding phase function for A-water (lower lin).
1.2. Scattering phase functions for cloud and fog models
Comparative calculations of phase functions for aerosols with water and
A-water drops have been performed for a series of distributions used inde-
scription of various models of clouds and fogs. We considered six OPAC
models [9], four MODTRAN models [1, 3], and 10 models from [6, 7, 36].
For all models we used an approximation of drop sizes by a modified
Gamma-distribution with the density




Here A,α ,B,γ are the parameters of the distribution density of the
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(a) (b)
Figure 7. Scattering phase functions with wavelength 0.7µm (solid line), 0.53µm (dashed
line), and 0.42µm (dotted line) for Gaussian distributions of drops radii for water (a) and
A-water (b) with the parametersm= 1µm, σ = 0.07µm.
Figure 8. Scattering phase functions of light with wavelength 0.7µm (solid line), 0.53µm
(dashed line), and 0.42µm (dotted line) for ‘Haze.M’ model.
concentrationw(r) of drops in cm3 with respect to the radiusr measured in
µm; rmod is the modal radius of the drops. The results of calculations were
briefly presented in [31]. Note the following issues most essential from our
viewpoint.
1. Practically all phase functions for popular cloud models (with water
drops) have local maxima in the domains of the rainbow and the glory and
resemble the solid line shown in Fig. 2. For some models, a white rainbow
is typical (maxima for different wavelengths practically coincide). In par-
ticular, a white rainbow is ‘observed’ for models C3 from [6] and for the
model of moderate radiation fog [36]. The models ‘Haze.H’, ‘Haze.L’, and
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‘Haze.M’, stand apart. These models differ from the others by very small
drops sizes (about a micron) and their phase functions do not have local
maxima in the domain of the rainbow. In this case, glories of an abnormally
large radius are observed for the models ‘Haze.L’ and ‘Haze.M’ (see Fig. 8).
2. For the same distributions of drop radii, the scattering phase functions
have an absolutely different form if we suppose that the aerosol contains
A-water with the refraction index 1.82, see the phase function indicated
by the dashed line in Fig. 2. In this case, most of the phase functions do
not have local maxima (neither in the domain of rainbow, nor in the glory
domain) and only for several models one can observe local maxima in the
glory domain. The most expressed glory is the one for the cloud model
‘Cumulus OPAC Maritime’ with the parametersα = 4, B = 0.00713,γ =
2.34, rmod = 10.399µm in (1.1).
2. Peculiarities of radiation polarization under single scattering
Radiation scattering subject to polarization is described by a Mueller matrix.
Suppose a photon described by the Stokes vectorS′ = (I ′,Q′,U ′,V ′) with
the motion directionω ′ is scattered at some spatial pointr ′. Then the Stokes
vectorS= (I ,Q,U,V) for the radiation intensity at the pointr = r ′ + Rω
scattered from the pointr ′ in the directionω is described at the distance
R= ‖r − r ′‖ from the scattering point by the expression




whereM is the Mueller matrix. Recall (see, e.g., [30]) that the unique deter-
mination of the second and third components of the Stokes vector requires
a specification of the additional reference vector orthogonal to the motion
of the photon. It is assumed in (2.1) that the Stokes vectorsS′ andShave a
common reference vector orthogonal to the scattering plane containing the
vectorsω ′ andω . The Mueller matrix has the following form for water-drop






M11 M12 0 0
M12 M11 0 0
0 0 M33 M34





, 〈ω ′,ω〉 ∈ (−1,1)
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M11 0 0 0
0 M11 0 0
0 0 M11 0











M11 0 0 0
0 M11 0 0
0 0 −M11 0





, 〈ω ′,ω〉 = −1
and is calculated by Mie formulas.
(a) (b)
(c) (d)
Figure 9. The figure presents the scattering phase functions with wavelength 0.53µm (a, b)
and the polarization degree in percent (c, d) for water (a, c) and A-water (b, d) according
to the ‘OPAC Cumulus Maritime’ model. Polarization is radial under the dotted line a d
tangential in other regions.
Bereitgestellt von | Universitaetsbibliothek der LMU Muenchen
Angemeldet
Heruntergeladen am | 05.11.15 09:48
Numerical study of rainbows 257
The polarization of scattered radiation on water and hypothetical
A-water drops is essentially different for monodisperse, as well as forpoly-
disperse media (see Figs. 9 and 10) presenting the degree
√
Q2 +U2 +V2/I
and the direction of polarization for single scattering of natural light. The
plane of polarization of a scattered ray may coincide with the plane of scat-
tering (radial polarization) or be orthogonal to it (tangent polarization).The
domains with radial polarization in the above figures are under the rectan-
gles drawn with a dotted line. For single scattering on water drops in clouds,
the maximal degree of polarization is observed in the rainbow domain. The
degree of polarization can reach 90% here and the direction of polarization
is tangential. In contrast to the case of the rainbow, polarization in the glory
domain is radial and its degree is essentially lower (about 30%).
(a) (b)
(c) (d)
Figure 10. The figure presents the light scattering phase functions with wavelength 0.53µm
(a, b) and the polarization degree in percent (c, d) for water (a, c) and A-water (b, d) accord-
ing to the Gaussian distribution of drops with the parametersm = 20µm, σ = 1µm. The
polarization is radial under the dotted line and tangential in other regions.
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In the case of hypothetical A-water, the maximal degree of polarization
(about 90%) is observed near the scattering angles of 170◦. In the glory do-
main the degree of polarization can also reach high values (for more narrow
distributions of drop sizes the degree of polarization is higher). In this case
the direction of polarization in these domains is tangential.
There is practically no polarization in the corona domains both for water
and A-water.
Thus, it is obvious that the presence of A-water in clouds can be effi-
ciently determined by studying the dependence of the degree and direction
of polarization on the scattering angle.
3. Influence of multiple scattering on polarization and angular
distributions of radiation reflected from a cloud layer
An interpretation of radiation field observations in a cloudy atmosphere re-
quires taking into account multiple radiation scattering. The processes of
polarized radiation transfer in scattering media are described by an equation
for the Stokes vector (see, e.g., [5, 11, 15, 18, 28, 37]). We present here the









‖r − r ′‖2
q(r ′)σ(r ′)L[ρ,ρ∗]−1M(ω ′,ω , r ′)L[ρ ′,ρ∗]
×S′[ρ ′](r ′,ω ′)×δ
(
ω −
r − r ′
| r − r ′ |
)





, r, r ′ ∈ R3, ω ,ω ′ ∈ Ω = {ω ∈ R3 : ‖ω‖ = 1}.
A photon (a quasimonochromatic wave) is described here by the Stokes
vectorS[ρ](r,ω) relative to the reference vectorρ, wherer are the photon
spatial coordinates andω is the unit direction vector of the photon motion
(the reference vectorρ is always orthogonal to the motion directionω),
S0[ρ](r,ω) is the Stokes vector corresponding to the volumetric distribution
density of the sources. The reference vectorsρ ′, ρ are determined through
a certain field of reference vectorsρ(ω), ω ∈ Ω, given in advance, i.e.,
ρ ′ = ρ(ω ′) ⊥ ω ′, ρ = ρ(ω) ⊥ ω
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whereδ is the delta-function,q is the albedo of single scattering,σ is the
attenuation of the medium,τ(r ′, r) is the optical length of the interval[r ′, r],
τ(r ′, r) =
∫ l
0
σ(r ′ +s(r − r ′)/l)ds, l = ‖r − r ′‖.







1 0 0 0
0 cos2ϕ sin2ϕ 0
0 −sin2ϕ cos2ϕ 0






whereϕ is the angle used for rotation of the reference vectorρ ′ aroundω ′
in order to get the reference vectorρ∗. The rotation matrix describes the
transformation of the Stokes vector under a change of the reference vector,
i.e.,S[ρ∗] = L[ρ ′,ρ∗]S[ρ ′]. The first element of the Mueller matrix satisfies
the relation
∫
Ω M11(ω ′,ω , r ′)dω = 1. The integrand in equation (3.1) for-
mally reflects the following stages of radiation transfer: a collision at the
point r ′ of a photon flying in the directionω ′, scattering in the directionω ,
and attenuation on the path to the pointr.
One of the most efficient methods for solving polarized radiation trans-
fer equations is the Monte Carlo method (see, e.g., [2,12,15,19,29,32,33])
consisting in computer simulation of a large ensemble of random photon
trajectories and statistical estimation of the required values. Here we briefly
describe the Monte Carlo method for the stationary transfer equation used
for our numerical experiment. For the sake of simplicity, below we assume
that the optical medium is homogeneous and the albedo of single scatter-
ing is equal to one (the absorption of radiation in atmospheric clouds can
be neglected for the visible range of wavelengths). The simulation of pho-
ton trajectories in the scattering medium and the recalculation of the Stokes
vector are performed according to the following algorithm.
(1) Simulate the initial pointr0=(x0,y0,z0), the directionω0=(a0,b0,c0),
and the Stokes vectorS[ρ0](r0,ω0) according to the source distribution and
assumen = 0.
(2) Simulate the free run lengthl according to the distribution with the
densitypl (l) = σ exp(−σ l), l > 0, whereσ is the attenuation of the scatter-
ing medium.
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(3) Assumen = n+1 and calculate the coordinatesxn,yn,zn of the next
collision of the photon with particles of the medium, i.e.,
xn = xn−1 +an−1l , yn = yn−1 +bn−1l
zn = zn−1 +cn−1l , rn = (xn,yn,zn).
(4) The scattering of the photon at the pointrn is simulated in the follow-
ing way: the new motion directionωn of the photon is simulated according
to some phase functiong(ωn−1,ωn) (distribution on the unit sphere of di-
rectionsΩ),
∫
Ω g(ωn−1,ω)dω = 1, the values of the Stokes vector and the









HereM(ωn−1,ωn) is the Mueller matrix andL[ρn−1,ρn] is the rotation ma-
trix, see (3.2). Note that new reference vector (3.4) is taken orthogonal t
the scattering plane containing the vectorsωn−1, ωn.
(5) Go to step 2. The simulation of trajectories is terminated when the
photon leaves the cloud layer.
In order to simulate photon scattering, we have implemented two ap-
proaches. The first one (see, e.g., [12, 15, 19, 32]) consists in the use of the
first element of the Mueller matrix as the scattering phase function, i.e.,
g(ωn−1,ωn) = M11(ωn−1,ωn). (3.5)
The second approach (see, e.g., [2,29,33]) is aimed to provide the equality
I(rn,ωn) = I(rn,ωn−1). (3.6)
Recall that we neglect the absorption, andI is the first component of the
Stokes vectorS describing the radiation intensity. In this case the phase
function g(ωn−1,ωn) in (3.3) used for scattering simulation is determined
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Each of methods (3.5) and (3.7) simulating scattering has its own advantages
depending on the peculiarities of the problem being solved. In our study of
polarization and angular distributions of radiation reflected from a cloud
layer both approaches have given practically the same results.
The main differences that are typical for single scattering on water and
A-water drops are also well observed for multiple scattering. Figure 11
shows the transformation of the ‘indicatrix of reflection’ of radiation per-
pendicular to the cloud layer depending on the optical thickness of the layer.
It is assumed here that the size distribution of the water drops corresponds
to the ‘OPAC Cumulus Maritime’ cloud model.
Remark 3.1. The phase functions of single scatteringgs(θ), θ ∈ [0,π],




The indicatrixgr(θ), θ ∈ [π/2,π], of reflection by a flat layer means the dis-
tribution of light brightness coming from a unit area of the layer illuminated
by a perpendicular flow of photons (hereθ is the angle between the incident
ray and that reflected after multiple scattering in the layer). The phase func-
tions shown in Fig. 11 are normalized as
∫ π
π/2gr(θ)sinθdθ = A, whereA is
the albedo of the cloud layer.
The results presented in Fig. 11 have been obtained by the Monte Carlo
method and demonstrate smoothing of the rainbow and glory with the
growth of the optical thickness of the cloud layer. Figure 12 shows how the
polarization degree of radiation reflected from the cloud layer varies with
the growth of the optical thickness of the layer. It is seen that for sufficiently
large optical thickness the polarization degree of the reflected radiation re-
mains noticeable both for ordinary water and for hypothetical A-water. The
size distribution of water drops according to the ‘OPAC Cumulus Maritime’
cloud model was used here as well.
Note a typical peculiarity of angular distributions of radiation reflected
by a cloud layer with A-water. The calculations for models with A-water
give a pronounced distribution peak in the direction backward to the source,
which is caused by a higher peak in the phase function of single scatter-
ing on drops of A-water compared to ordinary water. Although this peak is
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Figure 11. Light reflection indicatrices with wavelength 0.53µm for a flat cloud layer with
optical density 0.1 (dotted line), 1 (dashed line), and 5 (solid line) with the distribution of
water drops corresponding to the model ‘OPAC Cumulus Maritime’.
(a)
(b)
Figure 12. Polarization degree of radiation reflected by a flat cloud layer with optical thick-
ness 0.1 (dotted line), 1 (dashed line), and 5 (solid line) with distribution of drops ofwater
(a) and A-water (b) corresponding to the model ‘OPAC Cumulus Maritime’. The depen-
dence on the cosine of the angle between the reflected rays and the rays pe pendicular to
the layer is indicated. The calculations were performed by the Monte Carlo method for light
with wavelength 0.53µm.
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smoothed in multiple scattering, it remains rather distinguishable for large
optical thicknesses and different angles of source elevation.
Conclusion
A. N. Nevzorov proposed his conjecture on the presence of A-water incold
clouds 20 years ago on the base of analysis of airplane observations. His
arguments did not get support of specialists, but, at the same time, so far
this conjecture has not been reliably disproved. In our opinion, this problem
is rather urgent now, because in the case of discovery of water with unusual
properties in the clouds we need an adaptation of the models and methods
for solution of direct and inverse problems of cloudy atmosphere optics.
As was shown by our calculations (in particular, see Figs. 2, 9–11), an
indirect argument in favour of Nevzorov’s conjecture is that in most cases
glory on water drops must be accompanied with an intensive rainbow. How-
ever, this argument cannot be assumed as a reliable proof of the conjecture
(there are known observation of a glory accompanied with a white rainbow,
a rainbow can possibly be beyond the observed area, etc.). At the same time,
the typical singularities of the angular distributions and polarization proper-
ties of radiation in clouds containing hypothetical A-water can be calculated
using the Mie theory and statistical modelling, which gives us the ability to
detect A-water reliably (if it exists) based on the brightness, degree anddi-
rection of polarization of radiation reflected from the cloud layer.
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